Factors influencing allocation of resources to male and female offspring continue to be of great interest to evolutionary biologists. A simultaneous hermaphrodite is capable of functioning in both male and female mode at the same time, and such a life-history strategy is adopted by most flowering plants and by many sessile aquatic animals. In this paper, we focus on hermaphrodites that nourish post-zygotic stages, e.g. flowering plants and internally fertilising invertebrates, and consider how their sex allocation should respond to an environmental stress that reduces prospects of survival but does not affect all individuals equally, rather acting only on a subset of the population. Whereas dissemination of pollen and sperm can begin at sexual maturation, release of seeds and larvae is delayed by embryonic development. We find that the evolutionarily stable strategy for allocation between male and female functions will be critically dependent on the effect of stress on the trade-off between the costs of male and female reproduction, (i.e. of sperm and embryos). Thus, we identify evaluation of this factor as an important challenge to empiricists interested in the effects of stress on sex allocation. When only a small fraction of the population is stressed, we predict that stressed individuals will allocate their resources entirely to male function and unstressed individuals will increase their allocation to female function. Conversely, when the fraction of stress-affected individuals is high, stressed individuals should respond to this stressor by increasing investment in sperm and unstressed individuals should invest solely in embryos. A further prediction of the model is that we would not expect to find populations in the natural world where both stressed and unstressed individuals are both hermaphrodite.
Introduction
The factors influencing allocation of resources to male and female offspring continue to be of great interest to evolutionary biologists (West, 2009) . Sex allocation will be influenced by the breeding system of a particular species. Breeding systems can be categorised as dioecious, in which individuals are either male or female for their entire lifetime or hermaphroditic, in which the same individual can produce both male and female gametes. Hermaphrodites can be either sequential or simultaneous. Sequential hermaphrodites, or sex changers, function as one sex early in their life, and then switch to the other. Simultaneous hermaphrodites are capable of both male and female reproduction at the same time, representing a prevalent life-history strategy among sessile organisms, notably flowering plants and modular colonial animals (Hughes, 2005) . Allocation is often strongly influenced by environmental conditions (West, 2009; Charnov, 2002 ) and here we consider how hermaphrodites cope with an environmental stress that acts only on a subset of the population simultaneously.
It has been demonstrated in hermaphroditic plants and animals that environmental stress promotes increased allocation to male rather than female function (Freeman et al., 1980; Hughes et al., 2003) . During the time required to produce a seed or larva, a hermaphroditic plant or animal can potentially release many pollen grains or sperm and so fitness through male function can begin to accrue immediately after sexual maturation whereas fitness through female function is delayed. Hence a plausible explanation for stress-induced allocation to male function is that the stressed organism is less likely to die before reproducing successfully as a male than as a female. Here we present a mathematical model that allows the quantitative consequences of this differential survivorship to be evaluated. Specifically, we assume that under many ecological circumstances, some (but not all) of a population will be subject to stress. For a population of flowering plants or sessile aquatic invertebrates, such patchy stresses might include localised grazing, overgrowth by larger individuals, or localised damage by wind or water currents (Hughes et al., 2003) . We further assume that individuals can control their allocation to both male and female function in response to environmental cues that signal whether or not that individual will be subject to the stressor. Under these assumptions, we produce predictions for evolutionarily stable strategies (ESS) in terms of the division of resources to male and female reproduction not just for stressed individuals but also for unstressed individuals within the same population. Although generally ignored by previous treatments, there is no reason to expect that the changed allocation by stressed individuals will not induce a change in unstressed individuals within the same interbreeding population. We will particularly focus on quantifying how the evolutionarily stable strategies of both stressed and unstressed individuals are affected by the fraction of the population that is stressed.
Of course, gender allocation is only one aspect of reproduction that may be responsive to stress. For example, the bryozoan Bugula neritina produces larger larvae in response to copper pollution, while Arabidopsis thaliana produces smaller seeds when defoliated. If such responses to stress were to shorten gestation time or prolong maternal survival, they would affect location within parameter space, but otherwise have no bearing on our model, which focuses entirely on the likelihood of mothers surviving long enough to deliver embryos. Our model explores one possible adaptive response to stress, corroborated by experimental studies (Freeman et al., 1980; Hughes et al., 2003) , but is not mutually exclusive of others, for example adjustment to offspring quality.
Model definition
The strategy of an individual is defined by the pair {m n ,m s }, this being the investment in male sexual function (hereafter ''sperm'') by an individual experiencing either normal (n) or stressed (s) conditions (m n ,m s A [0, 1] ). An individual playing {m n ,m s } will produce a fraction m n (m s ) of the sperm in the unstressed (stressed) condition that it would produce if it invested entirely in sperm: m n ¼1(m s ¼1). Thus we explicitly assume that individuals have a flexible strategy for investment between male and female functions, and change strategy according to whether they perceive themselves as stressed or not.
In order to capture the assumption that male and female functions compete for resources, we assume that female sexual function (hereafter termed ''embryos'') can be found for either of these two cases from relations f n (m n ) and f s (m s ). That is, once investment in sperm is specified, these functions can be used to calculate the consequence of this for investment in embryos. These two functions may be different from each other, but have the following properties:
where the relative cost of embryos to sperm in unstressed (stressed) individuals is b n (b s ). These restrictions simply mean that if all resources are spent on sperm then there can be no investment in embryos, whereas if there is no investment in sperm, then all resources can be channelled into embryos. If total resource allocation to male function yields a volume of sperm scaled to unity for each type of individual, total allocation to female function gives spermvolumes of 1/b n and 1/b s to unstressed and stressed individuals, respectively. We note that allowing total allocation to yield different volumes of sperm in stressed and non-stressed individuals makes no difference to the results, as only the relative costs of embryos to sperm are important.
We also assume that the derivatives of both functions (f n and f s ) are always negative. Biologically this assumption means that increasing investment in sperm can only be achieved at the cost of reduced production of embryos. An individual playing {m n ,m s } will thus produce a fraction f n (m n ) (f s (m s )) of the embryos in the unstressed (stressed) condition that it would produce if it invested entirely in eggs: m n ¼0 (m s ¼0). We use the general functions f n (m n ) and f s (m s ) to allow for different levels of cost to be available for intermediate levels of resource allocation. If volume of embryos is proportional only to resources allocated we get the simple linear resource functions used later in this section
so that if half of the resources are allocated to embryos and half to sperm, half the maximum volumes of each are produced, f n (0.5) ¼0.5/b n , for unstressed individuals. It is possible to envisage situations where production is either more (or less) efficient when divided, so that if sufficient resource was allocated to produce half of the maximum sperm volume then more (or less) than half of the maximum volume of embryos would be produced i.e. f n (0.5) 40.5/b n (f n (0.5) o0.5/b n ), for unstressed individuals.
To find the ESSs, we consider a mutant individual that plays {m n ,m s } in a population of other individuals that play the resident strategy {m n *, m s *}. We assume that each individual has (independent) probability s of being stressed. If an individual is stressed, then there is a probability that the individual will die before resources allocated to sperm can be released as functioning gametes. This is represented as a probability p m that resources allocated to male function lead to successful production of viable gametes. There is a similar probability for investment in female function p f . As discussed in the introduction, the overwhelming empirical evidence is for p m to be greater than p f .
If we make the simple Fisherian assumption that both male and female gain functions are linear (effectively that all females will have the same number of offspring on average, and each male is equally likely to be the father of any given offspring), then we can apply the classical fitness function for the sex-ratio game (Hughes et al., 2003; Hamilton, 1967) . For a mutant parent which has a fixed expected number of children irrespective of their sex and has male children with probability m in a population where males are in proportion m* this fitness function is given by
Here the unique evolutionarily stable solution is for the population to invest in both sexes in equal proportion m*¼ 0.5. We shall see that the situation is more complex in our case, as there are potentially different costs applied to two distinct types of individuals.
Using the above equation we can express the pay-off to the mutant as
We can simplify this expression by defining some composite constants. Specifically, we define
From our arguments above about the relative values of p m and p f , we would expect a to be greater than b in the overwhelming majority of ecological circumstances. We will also simplify the notation for embryos, using simply f n and f s to denote f n (m n ) and f s (m s ); and f n * and f s * to denote f n (m n *) and f s (m s *). We will also use 0 to denote the derivative of these functions. So that f s * 0 is the derivative of fs evaluated at ms*.
Using these notational simplifications, we can simplify our expression (1) for the pay-off to a mutant to the expression below
A strategy {m n *,m s *} is an ESS if and only if within a population where almost all individuals play this strategy, and a small fraction e play an alternative strategy {m n ,m s }, the payoff to an individual playing {m n ,m s } would be less than the payoff to an individual playing {m n *,m s *}, i.e.
Rðm n n,m s n; ð1ÀeÞm n n þem n ,ð1ÀeÞm s n þ em s Þ 4 Rðm n ,m s ; ð1ÀeÞm n n þ em n ,ð1ÀeÞm s n þem s Þ It is clear that a necessary condition for this to hold for arbitrarily small e is Rðm n n,m s n; m n n,m s nÞ ZRðm n ,m s ; m n n,m s nÞ ð 3Þ
for all alternative mutant strategies {m n ,m s }. We note because of the form of the payoff function in Eq. (2), condition (3) is a sufficient condition as well, since whenever an invading group uses a larger (smaller) male investment, this increases (decreases) the number of males in the population, which decreases (increases) the payoff to males compared to females. For general functions R it is not possible to give more specific conditions that are equivalent to condition (3), but we can give some necessary conditions. For normal individuals, if 0 om n * o1
we require (at e¼0) that @R @m n ¼ 0 and either R is constant in a population of {m n *,m s *} individuals or
If m n * ¼0 we require
at m n ¼0. These conditions ensure that a population cannot be invaded by individuals playing {m n ,m s *} where m n is sufficiently close to m n *.
Similar conditions are required for m s . These necessary conditions are also sufficient for {m n *,m s *} to be an ESS whenever at most one of 0 om n * o1, 0om s * o1 holds, and there are no extra cases where R has zero derivative, other than at {m n *,m s *}.
Thus to find ESSs we must consider the signs of the derivatives of the function R, and we obtain the following expressions:
To find ESSs, we must substitute m n ¼m n * and m s ¼m s * into (4) and (5).
The expressions in (4) and (5) can also be derived by differentiating the simpler function
Thus we shall consider the derivatives of (6), which is equivalent to considering those of our original (but more complex) expression since only the signs of those derivatives are important for our purposes.
To make further progress we must explicitly specify the trade-off between male and female functions for both stressed and unstressed members of the interbreeding population. As discussed above, we will assume the following simple linear resource allocation functions:
Thus, the values given to the two parameters b n and b s describe the relationship between female and male functionality for the two cases (stressed and unstressed). A value of one for either of these parameters suggests an equal cost of sperm and embryos. A value higher than one implies a larger cost (in terms of investment required to produce one gamete) to egg production than sperm production. The overwhelming empirical evidence is that, per gamete, sperm are cheaper and quicker to produce than embryos. Thus we would expect b n and b s to both be greater than one.
Let us further define the following composite parameters:
Thus b describes the effect of stress on the trade-off between sperm and embryos. If b is equal to one then stress has no effect on this trade-off. If b is greater than 1, then sperm is more expensive (relative to embryos) for stressed individuals compared to unstressed individuals. Conversely, if b is less than one, then sperm is less expensive for stressed individuals. As we shall see, the separate values of b n and b s do not affect our results, although their ratio b does. Let us return to considering expression (6), which (utilising our newly-introduced composite parameters) is given by the following expression:
After re-arrangement and dropping simple constant multipliers, one can demonstrate that (7) varies as the simpler expression
The derivatives of S are easily obtained
Possible ESS forms
We need to consider nine different possibilities for the form of an ESS: m n could be zero, or one, or a value between zero and one. That is, normal individuals could invest entirely in embryos, or entirely in sperm or in a combination of the two. The same is true for stressed individuals.
Two of the nine combinations, S(0,0) and S(1,1), can be immediately discounted, since for them S ¼0 which yields minimum reward. Thus neither {0,0} nor {1,1} can ever be an ESS. This clearly makes sense, as it would never be beneficial for the whole population of stressed and unstressed individuals to all invest only in embryos or all invest only in sperm.
Let us now consider the case where both stressed and unstressed individuals adopt a hermaphrodite strategy of investing in both embryos and sperm: i.e. 0 om n ,m s o1.
For this to occur, the following is a necessary condition:
It is straightforward to show that this leads to the condition below
This expression leads to our first general conclusion: only in very unlikely circumstances, where parameter values are carefully tuned, could we get an ESS where both stressed and unstressed individuals are hermaphrodite. In almost all circumstances, we would expect one or both of them to specialise and invest all their resources in either embryos or sperm. We will now consider the remaining six cases where at least one party (the stressed or the unstressed individuals within the population) specialises in only one sexual role.
Case (1). Unstressed individuals invest only in embryos, stressed individuals only in sperm: {m n ,m s }¼{0,1}.
For this to be an ESS, necessary and sufficient conditions are that at {0,1} the following to expressions are satisfied:
From (9) and (10), this simplifies to the conditions a41, bbo1
Case (2). Unstressed individuals invest only in embryos, but stressed individuals divide resources between both embryos and sperm: {m n ,m s }¼{0,0 om s o1} For this to be an ESS, necessary conditions are that at {0,m s }:
From (9) and (10), this simplifies to the conditions below,
a4bb, bb41
and give the equilibrium strategy for stressed individuals below
For this to be an ESS we also need to verify stability against changes in the value of m s . The derivative of S, and so R, is zero at m s ¼m s *. Since R is linear in m s , given the population mixture, this means that R is constant for all m s . As stated earlier in the text following condition (3), this is enough to prevent invasion by an individual playing an alternative value of m s , and we thus have stability.
Case (3). Unstressed individuals invest only in sperm; stressed individuals only in embryos: {m n ,m s }¼{1,0}.
For this to be an ESS, necessary and sufficient conditions are that at {1,0}
This simplifies to the conditions below ao1, bb41
Case (4). Unstressed individuals divide investment between both sperm and embryos, whereas stressed individuals invest only in embryos {m n ,m s } ¼{0om n o1,0}. For this to be an ESS, necessary conditions are that at {m n ,0} and also gives the equilibrium value defining investment by stressed individuals
This is again shown to be an ESS in the same way as in Case 2.
Discussion
Combining all of these cases, it is easy to see that we always have a unique ESS.
For any combination of parameter values, we can find the ESS strategies for both stressed and unstressed individuals. These are summarised in Fig. 1 .
When there are no stressed individuals, then s-0, and so a-0 and b-0, and thus the ESS strategy is for individuals to divide their investment equally between embryos and sperm (m n ¼0.5). This equal investment in embryos and sperm is a consequence of us making the simple Fisherian assumption that both male and female gain functions (change in fitness as a function of allocation) are linear. How allocation is predicted to change as a small number of individuals become stressed depends on parameter values. In particular it depends on whether bb 4a, which can be re-expressed as the condition
If condition (11) is satisfied, then stressed individuals should invest fully in embryos (m s ¼0) and unstressed individuals should increase their investment in sperm above 50% (m n 40.5). As the fraction of the individuals that are stressed increases (but remains relatively modest), the investment of unstressed individuals in sperm should increase. If (11) is not satisfied, then stressed individuals should invest fully in sperm (m s ¼1) and unstressed individuals should increase their investment in embryos above 50% (m n o0.5). As the fraction of the individuals that are stressed increases (but is still relatively modest), investment of unstressed individuals in embryos should increase.
We must now interpret condition (11) biologically. It is more likely to be satisfied if p f 4p m , and we argue in the introduction that we expect this to be very unlikely. It is also more likely to be satisfied if the trade-offs between embryos and sperm differ in stressed and unstressed individuals such that embryos are more expensive (relative to sperm) for unstressed individuals. Thus, another general conclusion that we draw from investigation of our model is that the evolutionarily stable strategy for allocation between male and female functions will be critically dependent on the effect of stress on the ). An individual playing {m n ,m s } will produce a fraction m n (m s ) of the sperm in the unstressed (stressed) condition that it would produce if it chose to invest entirely in sperm: m n ¼1(m s ¼ 1). It is assumed that all resources not invested in male function (sperm) are allocated to female function (embryos). Thus we explicitly assume that individuals have a flexible strategy for investment between male and female functions, and change strategy according to whether they are stressed or not. The evolutionarily stable strategy is influenced by a combination of values given to each of two parameter groups, a and bb. We assume that each individual has (independent) probability s of being stressed. If an individual is stressed, then there is a probability that the individual will die before resources allocated to sperm can be released as functioning gametes. This is represented as a probability p m that resources allocated to male function lead to successful production of viable gametes. There is a similar probability p f for investment in female function leading to successful production of viable embryos. As discussed in the introduction, the overwhelming empirical evidence is for p m to be greater than p f . a ¼ sPm=ð1ÀsÞ and b ¼ sP f =ð1ÀsÞ. The parameter b describes the effect of stress on the trade-off between sperm and embryos. If b is equal to one then stress has no effect on this trade-off. If b is greater than 1, then sperm is more expensive (relative to embryos) for stressed individuals compared to unstressed individuals. Conversely, if b is less than one, then sperm is less expensive for stressed individuals.
trade-off between the costs of sperm and embryos (the parameter b in our model). If b is equal to one then stress has no effect on this trade-off. If b is greater than 1, then sperm are more expensive (relative to embryos) for stressed individuals compared to unstressed individuals. Conversely, if b is less than one then sperm is less expensive for stressed individuals. Thus, we identify evaluation of this factor as an important challenge to empiricists interested in the effect of stress on sex allocation.
In the absence of any clear reason to think otherwise, if we assume that the relative physiological costs of embryos and sperm are unaffected by stress, then b will equal one and we would expect (11) not to be satisfied and so stressed individuals to allocate entirely to male function and unstressed individuals to increase their allocation to female function. However, this prediction holds only when the fraction of the population that is stressed is relatively small.
Within the region where only a small fraction of the population is stressed at any one time (the bottom left quadrant of Fig. 1 ), the evolutionarily stable strategy for the unstressed individuals varies smoothly as parameter values are varied smoothly, whereas the ESS for stressed individuals undergoes dramatic change from complete specialisation in embryos on one side of the dividing line to complete specialisation in sperm on the other side. However, unless the dividing line given by expression (11) is crossed, the specialist strategy of stressed individuals is insensitive to changes in parameter values.
We can also look at the situation where stressed individuals are very common in the population. This is the top right quadrant of Fig. 1 . In the extreme case where almost all individuals are stressed, s-1, then stressed individuals should divide their investment equally between embryos and sperm (m s ¼0.5). A prediction of the model in this case is that the evolutionarily stable strategy played by individuals when everyone is stressed is the same as the strategy played by individuals when no-one is stressed.
As the number of stressed individuals declines from a high value, then again whether or not expression (11) is satisfied is key to our predictions. If expression (11) is satisfied then stressed individuals should invest less in sperm and unstressed individuals should invest entirely in sperm. However, if expression (11) is not satisfied, then in this case the model predicts that stressed individuals should increase their investment in sperm and unstressed individuals should invest solely in embryos.
It is also possible to identify combinations of parameter values such that individuals of one type (either stressed or unstressed individuals) invest entirely in embryos and those of the other type invest entirely in sperm. For example, providing a41 and bb o1 then unstressed individuals should invest entirely in embryos and stressed individuals entirely in sperm. If we make the same assumption as above that b is equal to one, then (because we expect that a4b) the above prediction will hold for an intermediate range of s values. Thus when a moderate fraction of the population is stressed, the model predicts a complete breakdown of hermaphroditism, with stressed individuals producing only sperm and unstressed individuals only embryos.
To simplify expressions, we have used linear gain functions in our model. However, the model framework could easily accommodate non-linear gain functions (as used by Charnov (2002) ). Although this would make manipulation of the model more cumbersome, there is no reason to expect that the addition of this complexity would have any qualitative effect on our predictions, unless this nonlinearity made intermediate strategies more profitable (e.g. if f n (0.5)40.5), in which case the predicted breakdown of hermaphroditism above would not be complete.
A further key prediction of the model is that we would not expect to find situations in the natural world where both stressed and unstressed individuals are hermaphrodite. Rather, we would expect one or both of them to specialise in embryos or sperm. If however, populations in which stressed and unstressed individuals adopt a hermaphrodite strategy are found, then one or more of the assumptions of our model does not hold for that population. One assumption that may not be met in some real populations is that individuals have complete freedom to evolve to utilise any level of differential investment in male and female function in both the stressed and unstressed cases. It may be that there are physiological constraints on how much change in investment can be achieved. It may also be that the implicit assumption of our model of free and random mixing of gametes across the mixed population of stressed and unstressed individuals is not always valid. Further, it may also be that nonlinearity acts as described above. We reiterate that a crutial aspect of our interpretation of the relevance of our model prediction for the natural world has been the assumption that stress does not strongly affect the relative physiological costs of sperm and embryos. Empirical investigation of this assumption would be very valuable. Moreover, although our model applies to plants and animals with at least some post-zygotic investment of resources (excluding post-partum parental care, typically absent from sessile organisms), even a slight difference in the production rate of sperm and eggs would bring externally fertilising invertebrates, such as certain corals and hydroids (Day and Aarssen, 1997) , within its remit. To our knowledge, empirical data on the relative speeds of sperm and egg production by externally fertilising invertebrates are lacking, but experimental determination of these values would be very valuable in the present context.
We assume that individuals can detect and respond to their own state (whether they are stressed or not) and that such response is influenced by the fraction of the population that is stressed. Information on the proportion of individuals within a population that are stressed could, in principal, be conveyed by chemical signalling (Karban et al., 2000) . It seems unlikely, however, that individuals will be able to track such variation and respond appropriately through phenotypic plasticity in situations where the fraction of stressed individuals varies unpredictably on short-timescales. However, in many circumstances the fraction affected will either remain (at least approximately) constant over longer timescales, or vary predictably (for example seasonally, or in response to tidal cycles). Hence, our model implicitly assumes such a situation and that selection has moulded individuals to show responses to either being stressed or unstressed that are appropriate to the fraction of stressed individuals experienced in the population as a whole.
Two previously published ESS models capture some of the elements of the present model. Freeman et al. (1980) predicted increasing male allocation by hermaphroditic plants occupying patches of habitat where dryness physiologically restricts seed production. The predicted bias toward pollen production depended on the proportion of the population occupying dry patches. Dryness would be regarded as a form of stress in our model. Day and Aarssen (1997) predict greater male allocation in smaller individuals within a population of hermaphroditic plants, where survivorship increases with size. Smaller individuals are likely to die before the relatively prolonged process of seed production can be completed, yet are still likely to produce a significant quantity of pollen. If survivorship is also determined by site/patch quality independently of plant size, individuals occupying poorer sites should increase male allocation. In the above respects, therefore, Freeman et al. (1980) and Day and Aarssen (1997) make similar predictions to each other, and predictions that are in accord with those discussed above generated by our model. Our model contributes further to investigation of the effects of environmental stress on sexual investment by explicitly considering reciprocal dependence of optimal sex allocation in stressed and non-stressed individuals as a function of survivorship and likelihood of being stressed. We very much hope that the novel predictions generated in this regard are sufficiently clear and general to encourage empirical testing.
